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New quantum aspects of a vacuum-dominated universe
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In a new model that we proposed, nonperturbative vacuum contributions to the effective action of a free
quantized massive scalar field lead to a cosmological solution in which the scalar curvature becomes constant
after a timet j ~when the redshiftz;1) that depends on the mass of the scalar field and its curvature coupling.
This spatially flat solution implies an accelerating universe at the present time and gives a good one-parameter
fit to high-redshift type Ia supernovae~SNe-Ia! data, and the present age and energy density of the universe.
Here we show that the imaginary part of the nonperturbative curvature term that causes the cosmological
acceleration implies a particle production rate that agrees with predictions of other methods and extends them
to non-zero mass fields. The particle production rate is very small after the transition and is not expected to
alter the nature of the cosmological solution. We also show that the equation of state of our model undergoes
a transition att j from an equation of state dominated by non-relativistic pressureless matter~without a cos-
mological constant! to an effective equation of state of mixed radiation and cosmological constant, and we
derive the equation of state of the vacuum. Finally, we explain why nonperturbative vacuum effects of this
ultralow-mass particle do not significantly change standard early universe cosmology.

PACS number~s!: 98.80.Cq, 04.62.1v, 98.80.Es
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I. INTRODUCTION

Ever since the path-breaking prediction by Casimir@1#
that a quantized field in its vacuum state will exert a force
nearby conducting plates, and its confirmation in the labo
tory @2#, the fundamental importance of the vacuum has b
clear. The electromagnetic vacuum also manifests it
through other observable effects such as the Lamb shift@3#,
the anomalous magnetic moment of the electron@4#, and the
anomaly-driven two-photon decay of the pion@5#. The pre-
dicted magnitudes of these effects are obtained thro
renormalization of fields and coupling constants, which
sorb the infinities in a covariant manner. Renormalizat
methods have long been extended to quantized fields pr
gating in the curved spacetime of general relativity@6# ~see
also @7# and references therein!, but predicted quantum
vacuum effects of curved spacetime have been too sma
be directly observed. Quantum vacuum effects in curv
spacetimes have also been explored in connection with
ticle creation by the expansion of the universe and by bl
holes @8,9#. In addition, vacuum effects of self-interactin
scalar fields have been invoked to produce inflation of
very early universe@10#.

As is well known, observations of an accelerating exp
sion of the recent universe@11,12#, together with other ob-
servations, such as those of small-angular-scale fluctuat
of the cosmic microwave background radiation~CMBR!, im-
ply the existence of a dark form of energy@13–15#. The
present authors have argued that the recent acceleratio
the universe is the first directly observable manifestation
quantum vacuum effects produced by the curved space
of general relativistic cosmology, and have presented a
mological model, based on general relativity and quant
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field theory, that fits the current data@16–18#. The position
of the first acoustic peak of the CMBR fluctuation spectru
also agrees with observation, as explained in the last p
graph of the Conclusions section. These quantum vacu
effects involve an ultralow-mass particle and are nonper
bative in the curvature. They do not become significant u
a transition that occurs at about half the present age of
universe~i.e., at a redshiftz;1).

In the present paper, we explore new features of
model, and their possible cosmological significance. In p
ticular, we calculate the creation rate of these ultralight p
ticles resulting from the effect of the spacetime curvature
the vacuum. The analytic result for the particle producti
rate during the vacuum-dominated stage predicted by
model reduces to that obtained in the massless limit by o
methods, and extends the result to the massive case.
agreement adds confidence to the validity of our effect
action and its other predictions, such as that of a recent
celeration of the expansion of the universe.The predicted
acceleration and the particle production arise from the re
and imaginary parts, respectively, of the same term in
effective action.

We then find the effective temperature of the partic
created during the vacuum-dominated stage. This effec
temperature at the present time would be very small~only
about 102112 K!, and is not expected to alter the vacuum
dominated behavior. It should be kept in mind that the re
nant of these particles left over from the very early unive
would have a much higher temperature today, probably
the order of 1 K.

The mass of the ultralight scalar particle in our model
typical of masses expected for pseudo Nambu-Goldst
bosons~PNGB!. In Ref. @15# the PNGB mass scale arise
from the ratio ofmn

2 to f (mn;1023 eV is a neutrino mass
and f ;1018 GeV is a global symmetry-breaking scale!,
quantities that area priori independent of the present expa
sion rate of the universe. If the mass comes from a PN
©2000 The American Physical Society03-1
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LEONARD PARKER AND ALPAN RAVAL PHYSICAL REVIEW D 62 083503
mechanism, then this may introduce additional interact
terms into our free-field model. Also, it is known that in
Friedmann-Robertson-Walker~FRW! universe, the graviton
field equation can be expressed in the form of two sca
field equations. If the graviton has an ultralow mass, then
expect that it would lead to the same cosmological con
quences as the scalar particle discussed here. Furtherm
such a low graviton mass appears to be consistent with gr
tational experiments and observations.

The expansion rate being related to the ultralow mas
not a coincidence in our model, because after the transit
such a relation between the mass of the particle and the
pansion rate remains true for a time of the order of
present age of the universe. In addition, the vacuum ene
density remains within an order of magnitude of the ma
density for a time of the order of the present age of
universe.

The organization of this paper is as follows. In Sec. II, w
briefly summarize our model and the cosmological solut
that arises from it. In Sec. III, we discuss the particle p
duction rate found from the imaginary part of the effecti
action. In Sec. IV, we discuss the fine-tuning problem in o
model and in a model with cosmological constant plus n
relativistic matter~referred to here as theL model!. In Sec.
V, we derive the equation of state of the vacuum in o
model. In Sec. VI, we calculate the ratio of total~i.e., matter
plus vacuum contributions! pressure and total energy dens
for our model and compare it to that for aL model. This
ratio as function of redshift is useful for future comparison
observations. In Sec. VII, we discuss nonperturbative qu
tum vacuum effects of this ultralow-mass field in the ea
universe, and show that the standard cosmological mod
not significantly altered for times less than about half
present age of the universe. Finally, in Sec. VIII, we state
conclusions.

II. NONPERTURBATIVE VACUUM ENERGY EFFECTS

We start with a brief summary of our non-perturbati
vacuum energy model and our previous results@16–18#.
Consider a free, massive quantized scalar field of inve
Compton wavelengthm, and curvature couplingj. The ef-
fective action for gravity coupled to such a field is obtain
by integrating out the vacuum fluctuations of the field@16–
20# and renormalized as in Ref.@16#. This effective action is
the simplest one that gives the standard trace anomaly in
massless-conformally-coupled limit, and contains the n
perturbative sum~in arbitrary dimensions! of all terms in the
propagator having at least one factor of the scalar curvat
R. It is given by@16#

W5E d4xA2gkoR1
\

64p2E d4xA2gF2m4lnUM2

m2U
1m2j̄RS 122lnUM2

m2U D 22 f 2lnUM2

m2U1
3

2
j̄2R2G

1
i\

64pE d4xA2g~M412 f̄ 2!u~2M2!, ~1!
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where ko[(16pG)21 (G is Newton’s constant!, j̄[j
21/6, and

M2[m21 j̄R ~2!

f̄ 2[~1/6!~1/52j!hR1~1/180!

3~RabgdRabgd2RabRab! ~3!

f 2[ f̄ 21~1/2!j̄2R2. ~4!

The renormalized cosmological constant has been set to
in deriving the above effective action. The last term in t
above equation constitutes the imaginary part of the effec
action, implying particle production. We will discuss th
magnitude of the imaginary part in the next section. For no
we focus on the real part of the effective action.

The trace of the Einstein equations, obtained by variat
of the real part of the effective action with respect to t
metric tensor takes the following form in a Friedman
Robertson-Walker~FRW! spacetime~in units such thatc
51):

R1
Tcl

2ko
5

\m2

32p2ko
H ~m21 j̄R!lnu11 j̄Rm22u2

m2j̄R

m21 j̄R

3S 11
3

2
j̄

R

m2
1

1

2
j̄2

R2

m4
„j̄22~1080!21

…1v D J ,

~5!

where Tcl is the trace of the energy-momentum tensor
classical, perfect fluid matter and v[(R2/4
2RmnRmn)/(180m4) is a curvature invariant that vanishes
de Sitter space. As a result of including the nonperturba
sum of scalar curvature terms in the effective action,
right hand side of Eq.~5! becomes large asR→m2/(2 j̄).
This resonance can occur even at low curvatures ifm2 is
sufficiently small, and is not displayed by a perturbati
treatment ofR; as can be seen by expanding Eq.~5! in pow-
ers ofR/m2 and keeping a finite number of terms.

As noted earlier,m is the inverse Compton wavelength o
the field. It is related to the actual mass of the field
mactual5\m. Equation~5! above is nonperturbative inR be-
cause it contains terms that involve an infinite sum of pow
of R. However, for a sufficiently low mass, it is possible
treat mactual

2 /mPl
2 [\m2/(16pko) ~where mPl is the Planck

mass! as a small parameter and expand perturbatively in
parameter.

For a sufficiently low mass, in an expanding FRW un
verse the quantum contributions to the Einstein equati
become significant at a timet j , when the density of classica
matter,rm , has decreased to a value given by

rm~ t j !52k0m̄2, ~6!

where

m̄2[m2/~2 j̄ !. ~7!
3-2
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The timet j occurs in the matter-dominated stage of the e
lution. Furthermore fort.t j , the scalar curvature,R, re-
mains constant to excellent approximation near the valuem̄2.
For t,t j , the quantum contributions to the Einstein equ
tions are negligible and the scale factor is that of a mat
dominated FRW universe. Then, Eq.~6! implies that, in a
spatially flat universe with line elementds252dt2

1a(t)2(dx21dy21dz2), one has

t j5~2/A3!m̄21, H~ t j !5m̄/A3, ~8!

whereH(t j ) is the Hubble constant att j .
The condition of the constancy of the scalar curvat

after t j leads to a solution for the scale factor that can
joined, with continuous first and second derivatives~i.e., in a
C2 manner!, to the matter-dominated solution fort,t j . The
scale factor is given by
a-

rv

is

t

ea
/

e

ge

io
h
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a~ t !5a~ t j !AsinhS tm̄

A3
2a D Y sinhS 2

3
2a D , t.t j ,

5a~ t j !~A3 m̄t/2!2/3, t,t j , ~9!

with

a52/32tanh21~1/2!.0.117. ~10!

We would like to point out here that the above solution a
satisfies, up to terms of ordermactual/mPl , the one remaining
independent Einstein equation in a FRW universe, which
be taken to beG005(2ko)21T00, whereGmn is the Einstein
tensor andTmn is the energy-momentum tensor, includin
classical and quantum contributions. This equation takes
form, with zero cosmological constant,
koG005
1

2
rm2

\

64p2 H j̄R00

m21 j̄R
Xm412m2j̄R1

RabRab

90
1R2S j̄22

1

270D C23j̄2R R001m2j̄G00J
2

\

64p2
lnU11

j̄R

m2U H 2
m4g00

2
12m2j̄G002

g00R
2

2 S j̄21
1

90D1
1

90
g00RabRab12j̄2R R002

2

45
R0

aR0aJ . ~11!
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To verify that Eq.~9! is indeed a solution of the above equ
tion for t.t j , we note that, whenR is very close to the value
m̄2, the dominant terms in the right-hand side of Eq.~11! are
those that have a factor ofm21 j̄R in the denominator.
Keeping these terms and substituting for the various cu
ture quantities derived from Eq.~9!, one finds that Eq.~9!
satisfies Eq.~11! up to terms of ordermactual/mPl .

The solution in Eq.~9! corresponds to a universe that
accelerating ~i.e., has ä.0! for t.A3m̄21@a
1tanh21(221/2)#.1.50t j . This solution gives a good fi
@11,12# to the SNe-Ia data, for the mass range

6.40310233eV,S m̄

h
D ,7.25310233eV, ~12!

whereh is the present value of the Hubble constant, m
sured as a dimensionless fraction of the value 100 km~s
Mpc!.

The ratio of matter density to critical density at th
present time,V0, is a function of the single parameterm̄/h
and turns out to have the range 0.58.V0.0.15 for the range
of values of Eq.~12!. For the same range of values, the a
of the universet0 lies in the range 8.10h21 Gyr ,t0,
12.2h21 Gyr. These ranges forV0 andt0 agree with current
observations@21#.

III. PARTICLE PRODUCTION AND EFFECTIVE
TEMPERATURE

In this section, we consider the rate of particle product
in the cosmological solution discussed above. We find t
a-

-

n
at

the effective action from which our cosmological solution
derived leads to a particle production rate that is consis
with that obtained using other methods, and generalizes
other methods to the case of production of massive partic
We also discuss the effective temperature of these partic

The constant-R solution after the transition at timet j was
obtained from a consideration of the Einstein equatio
based on variation of the real part of the effective action. T
imaginary part of the effective action is related to the pro
ability of the production of at least one pair of particles@8#,
following Schwinger@22#. When the imaginary part is smal
this probability is given by

P52
Im W

\
. ~13!

From Eq.~1!, we obtain

Im W

\
5~64p!21E d4xA2g~M412 f̄ 2!u~2M2!.

~14!

When M2,0 andm50, the above formula reduces to th
derived in Refs.@23# and@24#. The derivation of the particle
production rate in@24# is based on the non-local effectiv
action derived in@25#, which contains, in them→0 limit,
terms of the form ln(h). Similar terms were discussed i
@26#. It is noteworthy that the nonperturbative scalar curv
ture sum used here gives the same imaginary part, in
limiting case of zero mass, as the nonlocal effective acti
3-3
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LEONARD PARKER AND ALPAN RAVAL PHYSICAL REVIEW D 62 083503
The reason for the similar results in the two cases was s
gested in@26#, based on renormalization group argume
@27#. However, these renormalization group arguments
generally reliable only in the large-R limit. The partially
summed form of the effective action that we use here is a
valid at small values ofR, as in the present universe.

For mÞ0, Eq.~14! agrees, to leading order, with the pa
ticle production rate derived in@28#. Since the imaginary and
real parts of the effective action arise out of the same te
the agreement of the imaginary part with that found in
literature using other methods gives a further justification
our approximation.

For our cosmological solution,M2,0 for all time, there-
fore the step function in the above equation is equal to
The term f̄ 2[(1/6)(1/52j)hR1(1/180)(RabgdRabgd

2RabRab) can be expressed as

f̄ 25
1

6 S 1

5
2j DhR1

1

120
CabgdCabgd2

1

360
G, ~15!

whereCabgd is the Weyl tensor, andG is the Gauss-Bonne
invariant

G5RabgdRabgd24RabRab1R2. ~16!

In conformally flat spacetimes, such as the one under c
sideration, the Weyl tensor vanishes. Thereforef̄ 2 is a total
derivative term,1 and*d4xA2g f̄2 only has boundary contri
butions. Since these boundary contributions would vanis
the metric were static at the boundaries, one expects tha
f̄ 2 term in the imaginary part of the effective action does n
correspond to real particle production@29#. The remaining
term,M4, will be used to estimate the probability of partic
production.

From Refs.@16# and @17#, we find, for t.t j ,

M4.~4320p!22S m

mPl
D 4

m̄4. ~17!

From Eqs.~14! and ~17!, we obtain the probability per uni
proper volume,p, for production of at least one pair of pa
ticles after timet j , as

p.~32p!21~4320p!22S m

mPl
D 4

m̄4a~ t !23E
t j

t

dt8a~ t8!3.

~18!

To find the effective temperature of the particles produc
we compare the above expression with the case when
particles are produced with a thermal spectrum.2 For thermal
production, we have@24#

1hR is obviously a total derivative, and in Robertson-Walk

spacetimes,A2gG524(d/dt)(ȧ3/31kȧ), which is a total time de-
rivative (k50,61, corresponding to flat, closed or open spat
sections!.

2Although the actual spectrum may not be thermal, the hi
frequency behavior of the spectrum is expected to be so@30–32#.
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90
~kBT!3, ~19!

whereT is the physical, or measured, temperature, andkB is
Boltzmann’s constant. From Eqs.~18! and ~19!, we obtain
the effective physical temperature of the particles produc
as

kBT5\m̄c2S 90A3

32~4320!2p5D 1/3S m

mPl
D 4/3

I~m̄ct!1/3, ~20!

where we have now inserted appropriate factors ofc, and
I(m̄ct) is the dimensionless function

I~m̄ct!5~sinhx!23/2E
2/32a

x

dy~sinhy!3/2, ~21!

with x5m̄ct/A32a. Note that the factor of\ that appears
in Eq. ~20! above is necessary becausem̄ is an inverse length
scale, rather than a mass. A plot ofI(x) vs x is shown in Fig.
1. It is easy to verify analytically thatI(`)52/3. Also, at the
present time,t0 @defined as the time at which the Hubb
constant has the value 65 km/~s Mpc!#, one obtains
I(m̄ct0 /A32a).0.5.

As shown earlier, a good fit to the SNe-Ia data is obtain
when the mass parametermh has the value 6.93310233 eV.
With the rescaled Hubble parameter,h50.65, this gives a
value m̄54.5045310233 eV. Also, mPl.1.221131028 eV.
One can reexpress the effective temperature as

T~m̄ct!.1.313102112K I~m̄ct!1/3 S m̄

4.5045310233 eV
D

3S m

4.5045310233 eV
D 4/3

. ~22!

If m andm̄ are roughly equal to 4.5045310233 eV, then the
above temperature corresponds to the temperature of
Hawking radiation emitted by a Schwarzschild black hole
mass.10138 g, which is about 10105 solar masses.

l

-

FIG. 1. A plot ofI(x) versusx5m̄ct/31/22a. The graph begins
at t5t j and asymptotes to a value of 2/3 asx→`. The present time
corresponds toI(x).0.5.
3-4
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The fact that the one can associate a temperature with
created particles does not mean that the vacuum poss
thermodynamic entropy. Indeed, from the equation of s
of the vacuum, it is straightforward to check that the chan
of entropy in a comoving volume of spacea3V is given by
TdS5d(rVa3V)1pVd(a3V), which vanishes as a conse
quence of conservation of vacuum energy.

IV. THE FINE-TUNING PROBLEM

In the absence of data that does not distinguish betw
models for an accelerating universe, a criterion for the s
cess of a given model is the lack of fine-tuning of fundam
tal parameters. In a spatially flat model with cosmologi
constant,L, and non-relativistic matter (L model!, the fine-
tuning problem is often understood as a coincidence betw
the matter densityrm and the energy density associated w
the cosmological constant,rL , at the present time. Howeve
it is straightforward to show, in both our model and t
L-model, that the time interval for whichrm is, say, between
0.1 and 0.9 times the critical density,rc is of the order of the
age of the universe. This is also the time interval for wh
rm and the vacuum energy density3 rV are roughly within an
order of magnitude of each other. The calculation runs
follows. In our model,V0 and ht0 are the following func-
tions of the single parametermh[m̄/h @17#:

V05~2.9963106 Mpc2!mh
2S sinh~cmhht0 /A32a!

sinh~2/32a!
D 23/2

~23!

ht053.263106
yr

Mpc SA3

mh
D @ tanh21~865.4 Mpcmh!1a#,

~24!

wheremh is in units of Mpc21. If 0.1,V0,0.9, then the
above equations give 1.14331023 Mpc21.mh.7.955
31024 Mpc21. For this range ofmh values, one then obtain
13.4 Gyr.ht0.6.83 Gyr. Thus the time interval for whic
0.1,V0,0.9 is (13.426.83)h21 Gyr, or 6.57h21 Gyr,
which is of the order of the age of the universe.

In theL model, it is straightforward to show thatV0 and
ht0 are functions of the single parameterC
[A6pGrL/(ch), which has dimensions of~time! 21 ~with
the rescaled Hubble parameterh regarded as a dimensionle
quantity!. They are

V0512
4

9
~C 9.78 Gyr!2 ~25!

ht05C21tanh21S 2

3
C 9.78 GyrD .

~26!

3We will often refer to the vacuum energy density asrV , inde-
pendent of the model under consideration. For theL model, rV

5rL .
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One similarly finds, for 0.1,V0,0.9, that 12.49 Gyr.ht0
.6.75 Gyr, giving a time interval of 5.74h21 Gyr, again of
the order of the age of the universe.

The preceding arguments show that there is no ‘‘coin
dence’’ problem in the sense of the present time being s
cial in either model. However, in the case of theL model, an
alternative statement of the fine-tuning problem is that th
is no ‘‘natural’’ explanation, within elementary particl
physics, of a small non-zero value ofrL . The favored values
of rL are either 0 ormPl

4 , the latter value being at discrep
ancy with observations by about 122 orders of magnitud

In our model, the question then is whether there may b
natural explanation for the small value of the mass param
m̄.H0. Friemanet al. @15# show that, for spin-0 pseudo
Nambu-Goldstone bosons~PNGB!, a mass scalem̄ of the
order of the present value of the Hubble constant can
generated from the neutrino massmn.1023 eV and a global
symmetry breaking scale@for example, the scale for sponta
neous breaking of the U~1! Peccei-Quinn symmetry# f

.1018 GeV, via the combinationm̄.mn
2/ f . They also show

that this combination arises out of the coupling of such
pseudo Nambu-Goldstone boson to neutrinos in a lo
energy effective theory. It therefore appears possible that
ultralight spin-0 particle we consider in our model may
related to a PNGB, although such a relation would invo
additional self-interaction terms.

V. VACUUM EQUATION OF STATE

Although the basic dynamical equations, Eqs.~2! and~8!,
incorporate non-trivial quantum effects, our model admit
remarkably simple description. Indeed, the scale factor~9!
may be used to find the total effective energy densityr and
pressurep of vacuum plus matter by directly computing th
Einstein tensor. We obtain, fort.t j ,

r~ t !52k0G005~k0m̄2/2!coth2~ tm̄/A32a!

5~3/2!kom̄2@a~ t !/a~ t j !#
241~1/2!kom̄2 ~27!

p~ t !52k0a~ t !22Gii

5~k0m̄2/6!coth2~ tm̄/A32a!2~2/3!k0m̄2. ~28!

The effective equation of state fort.t j is therefore

p5~1/3!r2~2/3!k0m̄2, ~29!

which is identical to the equation of state for a classi
model consisting of radiation plus cosmological constant
our model, the equation of state of pressureless matter
the equation of state of quantum vacuum terms combine
as to appear as a sum of radiation and cosmological cons
equations of state. Our model differs, even at the class
level, from the usual mixed matter-cosmological const
model because~i! for t,t j the effective cosmological con
stant vanishes, and~ii ! for t.t j vacuum contributions trans
mute the effective equation of state into that ofradiation
~rather than pressureless matter! plus cosmological constant
3-5
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LEONARD PARKER AND ALPAN RAVAL PHYSICAL REVIEW D 62 083503
this surprising metamorphosis is a result of the ne
constancy of the scalar curvature, which causes certain te
in Tmn to take the form of an effective cosmological consta
term in Einstein’s equations. In ageneralspacetime, these
terms donot have the form of a cosmological constant ter

The equation of state for the quantum vacuum ter
alonemay be inferred from Eqs.~27! and~18!, and from the
fact that the density of pressureless matter is given by

rm~ t !5rm~ t j ! @a~ t j !/a~ t !#3

52k0m̄2@sinh~2/32a!/sinh~ tm̄/A32a!#3/2,

~30!

where Eqs.~6! and~9! have been used to arrive at the seco
equality. The quantum vacuum energy densityrV and pres-
surepV then follow, for t.t j , as

rV~ t !5r~ t !2rm~ t !

5
k0m̄2

2 Fcoth2~ tm̄/A32a!

24S sinh~2/32a!

sinh~ tm̄/A32a!
D 3/2G ~31!

pV~ t !5p~ t !, ~32!

with p(t) given by Eq.~18!. The above equations show th
for t.t j the vacuum energy density is positive, while t
vacuum pressure is negative. As stated earlier, the vac
terms are negligible fort,t j .

As a consequence of Eqs.~13! and ~14!, we find that the
equation of state for the vacuum is

rV53pV12m̄2k0@12„112pV /~k0m̄2!…3/4#. ~33!

This vacuum equation of state joins continuously to
equation of staterV5pV50 at t5t j and is asymptotic to the
pure cosmological constant equation of staterV52pV as t
→`. Equation~33! is parametrized by the single paramet
m̄, and is different from the equation of state of a pure c
mological constant. However, Eq.~33! holds only in the case
of Robertson-Walker symmetry. Any inhomogenous pert
bation of the matter content or the metric in our model wo
change the effective equation of state of the vacuum, s
such perturbations would change the form of the right-ha
sides of Eqs.~2! and~8!. This feature is a complication whe
one analyzes the evolution of small perturbations in
theory. However, we expect that the terms of Eq.~33! may
still dominate the equation of state for the perturbations.

VI. RATIO OF PRESSURE AND ENERGY DENSITY

In this section, we derive the ratio of total pressurep and
total matter densityr in our model, as a function of redshif
This quantity, which we callw(z)[p/r, is a useful one for
comparison with future observations. We also comparew(z)
in our model with the same quantity in a model with no
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relativistic matter plus cosmological constant.
From Eqs.~24! and ~25! above, we find that, forz,zj ,

w~z!5
1

3
2

2

3

kom̄2

r
, ~34!

with

r~z!5kom̄2H 3

2S 11z

11zj
D 4

1
1

2J . ~35!

The redshift at which the transition occurs,zj , is given by

11zj[
a~ t0!

a~ t j !
5Asinh~ct0m̄/A32a!

sinh~2/32a!
, ~36!

where we have inserted an appropriate factor ofc. Using the
value ofa from Eq.~7!, and the present value of the Hubb
constant,

H05
cm̄

A12
cothS ct0m̄

A3
2a D , ~37!

one can reexpress Eq.~36! as

11zj5S 4H0
2

c2m̄2
2

1

3D 21/4

5H 0.3788S 6.93310233 eV

mh
D 2

2
1

3J 21/4

, ~38!

where we have substituted for the numerical value of
speed of light,c, in the second equality.

Combining Eqs.~34!, ~35! and ~38!, we obtain

w~z!5
1

3
2

4

3 H 1.1364~11z!4S 6.93310233 eV

mh
D 2

2~11z!411J 21

, ~39!

for z,zj . For z.zj , our model is entirely matter-
dominated, thereforep5w(z)50.

On the other hand, in a spatially flat model with no
relativistic matter plus cosmological constant, it is straig
forward to show that

w~z!52$11~11z!3~VL
2121!%21, ~40!

whereVL is the ratio of the energy density in the cosm
logical constant and the critical density.

A plot of w(z) for both models discussed above is show
in Fig. 2, with representative values ofmh56.93310233 eV
~in our model!, andVL50.7 ~in the non-relativistic matter
plus cosmological constant model!. Future experimental data
should be able to distinguish between these models.

Noting that the equation of state of non-relativistic mat
would give w(z)50, and the equation of state of a pu
cosmological constant would givew(z)521, we see from
3-6
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Fig. 2 that the redshift interval for which the effects of no
relativistic matter and vacuum energy are both significan
Dz.2. This range is a small one compared to the full re
shift range, which is infinite. This feature is often taken
comprise an alternative statement of the ‘‘coincidenc
problem outlined in the previous section. However, as
showed there, the small redshift range corresponds to a l
range in time. The discrepancy between posing the ‘‘coin
dence’’ problem in terms of time range and redshift ran
reflects the subjective nature of this problem. We reiter
that the most reasonable way to pose the fine-tuning prob
is in terms of a fundamental explanation for the smallnes
L or mh .

VII. NONPERTURBATIVE EFFECTS OF AN ULTRALOW
MASS FIELD IN THE EARLY UNIVERSE

In this section, we consider the possible quantum vacu
effects of an ultralow mass field (m;10233 eV! in the early,
post-inflationary universe. We first note that quantu
vacuum effects become significant whenever the ‘‘re
nance’’ condition is satisfied, i.e., whenever the trace of
classical stress tensorTcl[2rcl13pcl decreases below th
value 2kom̄2 @see the arguments leading from Eq.~5! to Eq.
~6! for details#. Consider now the evolution ofTcl from early
inflation to the present time. During early inflation,Tcl has a
large negative value, i.e.,uTclu@2kom̄2. After the reheating
process at the end of inflation, the universe is expected t
nearly radiation-dominated, withuTclu decreasing to a sma
value. As the universe expands, and enough matter beco
non-relativistic, uTclu increases smoothly to a maximu
value much greater than 2kom̄2. As the universe expand
further, it enters a matter-dominated stage. During this sta
uTclu decreases again, until about half the age of the unive
(z;1), when it passes through the value 2kom̄2, and quan-
tum vacuum effects begin to dominate, leading to the pres
acceleration. However, as described above, there are
early stages of the evolution during whichuTclu may pass
through the value 2kom̄2, namely, during the reheating from
inflationary expansion to radiation-dominated expansion,
whenuTclu is increasing during the radiation-dominated sta

FIG. 2. A plot of w(z) versus redshiftz, in our model~solid
curve! and a mixed matter plus cosmological constant mo
~dashed curve!. The relevant parameter values aremh56.93
310233 eV ~solid curve!, andVL50.7 ~dashed curve!.
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of the expansion of the universe. What role do quant
vacuum effects of this ultralow-mass particle play duri
these two early stages?

To answer this question, we consider two possibilities
the value ofuTclu during the radiation-dominated stage:~a!
there is sufficient non-relativistic matter at the end of po
inflationary reheating so thatuTclu is always greater than
2kom̄2 during the radiation-dominated stage, or~b! there is
not enough non-relativistic matter, and the condition,uTclu
,2kom̄2, is satisfied at some time during the radiatio
dominated stage.

If possibility ~a! occurs, then the ‘‘resonance’’ conditio
is never satisfied during the reheating from inflationary
radiation-dominated expansion, and during the subseq
evolution from radiation-dominated to matter-dominated e
pansion. Thus these quantum vacuum effects of an ultral
mass particle remain negligible in the early universe, a
during the matter-dominated stage, until the universe tran
to vacuum-dominance, at about half its present age, as
scribed in Sec. II.

If possibility ~b! occurs, then a resonance of the type d
cussed here will occur during the reheating from inflationa
expansion to radiation-dominated expansion, and will fo
R to remain nearly equal tom̄2 during the radiation-
dominated stage. During such a stage, the scale factor w

be a(t)}Asinh(tm̄/A3). However, tm̄!1 during the
radiation-dominated stage, and the scale factor, to exce
approximation, exhibits radiation-dominated behavior, i.
a(t)}t1/2. Once enough non-relativistic matter has accum
lated, uTclu increases above the value 2kom̄2 while the uni-
verse is still radiation-dominated. At this point, quantum
fects become negligible, as can be seen from Eq.~5!, and the
universe eventually transits to the matter-dominated sta4

Much later, at timet j , when the conditionuTclu52kom̄2 is
again satisfied, the universe transits to vacuum-domina
giving rise to the present acceleration. However, because
density of non-relativistic matter~or equivalently,uTclu) is
now decreasing, the universe remains vacuum-dominated
all time.

The above arguments show that, even if these ultralo
mass-nonperturbative quantum vacuum effects become
nificant at early times in the evolution of the universe, t
transition to the present vacuum-dominated stage is not
fected and the early universe dynamics is not significan
altered beyond the standard cosmological model.

VIII. CONCLUSIONS

The cosmological model that we investigate here is ba
on nonperturbative~in R) vacuum effects of a quantize
noninteracting massive scalar field. This model is the s

4The exit to matter-dominance is analogous to the time-rever
evolution of the present vacuum-dominated stage through the t
sition at timet j . Once there is sufficient non-relativistic matter, th
exit must occur.

l
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plest one exhibiting these nonperturbative quantum effect
is based on the extension of quantum field theory to cur
spacetime, a subject that has been extensively developed
has given rise to fundamental advances in black hole phy
and cosmology. Since our scalar field has no nongrav
tional interactions, there are no higher order corrections i\
to the effective action beyond the order\ correction that we
work with.

In the present paper, we have studied the particle prod
tion resulting from the imaginary part of the same term th
in earlier work, we showed would cause, through its r
part, an acceleration of the universe consistent with that
ferred from recent supernovae observations and other cos
logical data. We find that the predicted rate of particle p
duction during the recent vacuum-dominated era is the s
as that found by other methods. It has been shown@24# that
this production rate also agrees with that found by the Bog
ubov transformation technique@8,31#. This agreement of the
particle production rate given by the imaginary part of o
effective action, adds confidence to the validity of the acc
eration resulting from the real part of the same term in
effective action.

The density and effective temperature of these ultrali
particles created after the transition to vacuum dominanc
negligible compared to the matter and radiation alrea
present. Long after non-relativistic matter and radiation
sufficiently diluted by the expansion of the universe, t
vacuum energy density continues to dominate over the
ergy density of the created ultralight particles.

We also note that the production of these particles in
early universe would leave a remnant of such particles s
lar to the remnant of gravitons created near the big bang.
mass of these particles is such that they may contribu
component to dark matter that is sufficiently cold to be gra
tationally concentrated in the vicinity of galaxies. The pos
bility that these may contribute to extended galactic halo
worth exploring.

As is well known, if this scalar field interacted with bary
ons in a manner similar to an additional neutrino species,
would affect the light element abundances predicted by b
bang nucleosynthesis~BBN!, which would place limits on
the possible strengths of such interactions. In the pre
non-interacting model, any of these scalar particles produ
during the big bang would not significantly affect the pred
tions of BBN, just as the presence of primordial gravito
does not alter the predictions of BBN.

The evolution of the scale factor,a(t), in our cosmologi-
cal solution depends on a single parameter related to
massm of the particle. Cosmological data give a value form
of order 10233 eV. This mass is of the same order of ma
nitude as the mass of a pseudo-Nambu-Goldstone boson
tained by independent particle physics considerations@15#.
As discussed in Sec. IV, this fact may be significant w
regard to the question of fine-tuning.

We calculated the effective equation of state during
vacuum-dominated era in our model, and gave the func
w(z)[p/r. The effective equation of state of vacuum pl
matter during the vacuum-dominated stage turns out to
the same as that of a classical model with radiation p
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cosmological constant, although the actual matter conten
mainly non-relativistic.

We showed that these nonperturbative vacuum effect
an ultralow mass field would not significantly alter standa
cosmology at early times. The possible existence of m
more massive scalar fields, for which these nonperturba
vacuum effects would be significant in the very early u
verse, may enhance inflation. In addition, the associated
ticle production may help reheat the universe during the e
from early inflation. It is possible that processes, such
spontaneous symmetry breaking~caused, for example, by
self-interaction!, may cause the vacuum expectation value
the field to become non-zero, while its fluctuations are
duced. In the present non-interacting model, such proce
are absent. The effect of interactions, such as those ari
from a PNGB, on the observational predictions of the pres
model~involving an ultralight mass! is also worth exploring.

Also worth noting is that quantum vacuum terms wou
become dominant in regions of low average density~i.e.,
rm,2m̄2ko) earlier than in regions of high average densi
This would alter the evolution of density inhomogeneiti
that existed during the early matter-domnated stage of
expansion. This may eventually provide another obser
tional test of our model.

Our present model may also be observationally tes
relative to other models through more accurate observat
of the small-scale CMBR fluctuations and the SNe-Ia. Th
fluctuations are determined by the functionw(z) given in
Sec. VI.5 Non-zero spatial curvature would, of course, affe
the predicted shape of the CMBR fluctuation spectrum,
would the addition of interactions to our present free-fie
model.

Note added in proof. There is one statement that w
made in Ref.@17# concerning the CMBR fluctuation spec
trum that we wish to correct. There we stated at the end
Sec. IV that the first acoustic peak in the spectrum wo
occur in our model atl .300. This statement was inaccura
because we were not careful enough in relating the appa
angular sizeu of a fluctuation on the surface of last scatteri
to the mode numberl of the corresponding feature in th
CMBR fluctuation spectrum. A comparison of our mod
with a classical model having a cosmological constant a
the same value ofV0 as in ours, shows that the value ofu
agrees to within 3 percent in both models. Since the la
model with V0.0.3 agrees with the observations that t
first acoustic peak lies atl 519766, our model with the
sameV0 agrees as well. The corresponding value ofmh is
such that our model continues to agree with the other ob
vations that we discussed earlier.
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5The functionw(z) given in Sec. VI includes the contributions o
matter and vacuum. The functionwV(z)[pV /rV is easily obtained
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